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JourNaL oF GEoPuvysical RESEARCH

Three-Dimensional Seismic Ray Tracing in a Laterally
Heterogeneous Spherical Earth’

Kravs H, Jacon

Lamont-Doherly Geological Observatory of Columbia University
Palisades, New York 10964

Recent scismological studies suggest lateral inhomogeneities in P and S velocities of the
wantle that are associnted with slabs of mobile lithosphere descending into the mantle be-
neath island ares. In special eases, travel times of P traversing such zones can differ by as
much as 5 sec and of S by up to 10 sce from stundard travel times. In addition, such zones
are characterized by relatively low attenuation of S-wave energy compared with high attenua-
tion in a broad zone on the landward side of the active voleanoes. To explain the observed
anomalous travel times and attenuation pheumuena, it is necessary to trace the path: of body

aves through luterally heterogeneous earth models. The technigue of ray tracing developed
here uses Fermat's principle to obtain the differential equation of a ray in spherical coordi-
nates. The poxition, direction. and travel time of the seismic wave front at nny point along
the curved ray path are obtained by nuwmerical integration of the differential equation for .n
assumed three-dimensional, continuous veloeity distribution. The problem of repiesenting a
realistic three-dimensional velocity structure in the earth is solved in a way that is espeeinlly
suitable for use on computers. Some exmples for rayvs traversing an island-are structure are
presented. The implications of this method of tracing rays in a laterally heterogeneous corth
are discussed with respect to seismic travel-time studies, interpretation of residuals in terms
of tectonic heterogeneities, source bias, and the precise location of earthquakes and nuclear
explosions; dT/dA mewsurements from large seismice arrays and their wversion to obtain de-
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toils of the velocity structure in the upper wmantle are also discussed,

Sinee the beginming of instrumental seisimol-
ogy and throughout the first half of this een-
tury, seixmologists have usually treated the
setsmice velueity strueture of the carth’s interior
ax spherieally symmetrie. It was not until 1933
that Gutenlberg suggestinl that errars dite to the
carth’s clliptivity might be significint for tele-
seismie travel times, and henve ellipticity should
then be taken mto aveount [ Gutenberg and
Richter, 1933]. Jefirevs subsequently derived a
method to corveet fravel times for olliptivity
fur any given epiventer-statiun vonfiguration
(Jeffrons, 1035]. Besides vllipticity, no other
lateral varations in the seismie veloeitios of the
upper mantle were cmphasized until 10 ar 20
vears ago, thongh regional varmtions in the
thickness and struetnre «f the contimntal and
weone emist gradually: heeame evident,

Numerous geophysieal studies in the List two
decioles demonstrde o consistent global  jat-

Lawont=-Dole rty Geologe:d Observatory Cone

trdation 158

Copargln o Pela taoahe Amenican Geeaphis sicad 1 mion

tern of strong lateral variations of seismie ve-
lovitivs i other physical properties not only
in the earth's erust but also of the upper 700
km of the mantle. These heterogeneities are
closely related to major tectonie features sueh
as ishaml ares, mid-oceanic rnlges, rift and frae-
ture zones, and orogenie helts, Tt is surprising
that, despite the accumulating evidenee, no
suitable: method has been available until now
for valeulatmg ray paths and travel times of
stismiie hody waves through a laterally hetero-
goneons earth.

It ix the purpose of this study to Sl that
gap by presenting a lase, computer-orientes|
method of tracing seismire rays, either for P
er 8§ waves, propagatng throngh a kteradly
heterogenvous spherical earth. This method -
espeerdly designed toceansider a cles of Eaeral
seisinie heterogeneites rlated o
spreading and - global teecomes, eg, e deep
structare beneath amd-oceme: ridges ol as-
Lol ares, the sourees ad <mke | respectively,
a svstenn of drtta 2 hitlvsphene pliaes,

The plan far thas paper 150 (11 1o desenibe

~ci-flonr
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the geometrie reprexentation of lateral hetero-
geneities: (2) to derive the differential equa-
tions for a ray from Fermat's principle; (3) to
present a numerical scheme for the integration;
(4) to disenss some of the ray charactenisties in
a laterally heterogeneous earth; (5) to give an
exanple for applying the rav-tracing mmethod to
travel-time studies; and (6) to diseuss some
of the seismological imphlications of the new ray-
tracimg method.

GEOMETRICAL REPRESENTATION OF LATERAL
HETEROGENEITIEN

Any point in a spherieal earth can be deseribed
by means of a spherical coordinate system,
r, @, \; r ix the distanee (in kilometers) from
the earth’s center, 8 1s the polar distance (in
degrees) from the north pole, and A is the
geographieal longitude (in degrees), with posi-
tive A cast of Greenwich and negative A west
of Greenwich., The hmits for the coordinates
r, 6, X are

Okm<r <R
0° < 6 < 180° (1)
—180° < A < +180°

Y
A

R 1= the radins of the carth,

Major lateral heterogeneities of the earth are
associated with the teetonie struetnre of island
ares and mid-oceanie ridges. The seismicity and
tectonte features of island ares are deseribed
m detail by Katsumata [1960], Sykes [1066],
Oliver and Isacks [1967], Utsu [1967), and
Mitronoras et al. [1969] among others. The
melmed  zone of seismiec  foei approximately
comeides with the descending lithospherie plate
that 1s charaeterized by low attenmuation (high
@) and high seismie veloeities. Sneh slabs of
lithosplicre extend from the trench down into
the mantle beneath the belt of aetive voleanoes
to o maximum depth of about 700 km. In con-
trast to the deseending plate, low seismic mantle
veloeiies and  high attemation (low Q) ure
obrerved o broad zone on the landward side
of the vable:ane et

To map rhe sabsarface bonndaries of the
different 1ecrome anils, 0 i convenient o
dervermane  contoar hnes a1 varions  deprhes
bt Ay = constam on the merfaees separmg

;ulj:u'u-nl Iu-h'rnm-nc'nn- lnnhw \s ]milllﬁl ot
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before, the =cismic zone beneath an iland are
approximately defiues the dipping lithospherie
plate. Sykes [1966], Sykes et al. [1969], and
Katsumata and Sykes [1969] projected preecisely
relocated hypoeenters on vertieal sections per-
pendienlar to that seismic zone in several islaud
ares in the Pacific. Similar studies were carried
out by, among others, Hamilton and Gale
[1968] for New Zealand and Katsumata [1960]
and Utsu [1967] for Japan. From such sections
or from hypocenter maps 1t s possible to
contour the surface of the dipping seismie zone
in cach active are. Figure 1 shows as an example
a contoir map of the scisnie zone n the Fiji-
Tonga-Kermadee are. The contours were de-
rived from seismic events reported by the US.
Coast and Geodetie Survey (CGS) for the
period 1961 to 1965. To store imformation on
the depth contours for use in a computer, longi-
tudes A, are read for the interseetions of cach
contour h, with equally spaced colatitudes 6.
This samphng proeedure is suitable only for pre-
dommantly N=8S stniking tectonie features. For
an E-W striking featnre, a corresponding
scheme has to be nsed; polar distanees 6, are
determined for the interscetions of contours h,
with eqnally xpaced longitudes A,

Table 1 contains the longitudes A, sampled
along the contours h, for the seismie zone in the
Fiji-Tonga-Kermadee area shown i Figure 1.
This table demonstrates schematically how the
mformation of an arawate strueture is stored in
the compter. So far, however, only an arenate
dippimg surface hax been represented. To pro-
vide the dipping plate with some volume, one
has to assign horizontal tlieknesses a and b,
respectively, an eaelt side of the seismic surface,
which will be labeled 8 from now on. This
configuration is schematically demonstrated in
Figure 2 with o section of an are. The hon-
zomal distanees @ and b are measured perpen-
dienlar 1o the strike of each depth contonr b,
and for each colatimde mterval [8,, 0,.,]. The
tliekness @ s on the coneave side of the seismic
snrface (toward the voleanac<), and b is on the
convex Qoward he ocean). The 1wo
defined bomdanies of ahe dipping plate are
calldd A cond B, respeetively: the mdividual
facers comprisnue A cond B e parallel 1o ahe
correspondig tiecls of 8w each depth miervid
fhe, bl and me el poker disianee mtervid
BN

i
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Representation of the dipping seisinic zone in the Tonga-Kernadee island are by

means of depth contours i = constant, The numbers on the contours are depths in kilometers
Delow the earth’s surfuce. Open cireles show points of wtersection with Intitude ¢ = coustant ;

their longitiudes A are compiled in Table 1,

In the unlikely ease that the plate thickness
or distanee between S and 4 or B is of the sime
order of magnitnde as the radins aof enrvatnre
of the are, then A4 or B, respectively, is no
longer o smooth honndary bat is an irregnlar
surface composed of facets with small offsets at
cach <amphing vale of the polar distance 6,.
These offsets ean be kept small, however, if a
sifliciently =mall sampling interval d@ is nsed.
A certain degree of irregnlarity in the interfaces
A and B can be tolerated beeause the offsets
are smoothed in the specific nimerieal approach
nsed for deseribing individial =2ismie eys. For
the dipping plate himited by the surfaces A
and B, a seismie veloeity s assigned that s
higher by a certain pereentage 8r,, than the
veloeity ar the corresponding depth in the
mantle omsule the plaite. Henee the boundaries
A and B orepresent discominnities in seismie
veloenmes, This veloeny differentiad s super-

imposedd on o sumdard veloeity distribution for
the mantle [e.g., Jeflreys and Bullen, 1940,
1948 Herrin et al., 1968 ], which is o continnons
funetion of depth only,

The existence of a region of low xcixmie
veloeities heneath and adjacent to the voleame
belt was dizenssed hy Mitronovas [1969], Utsu
[ 1967 ], Molnar and Oliver [1969], and Kana-
mori | 1970], among others. Karig [ 1970] fonnd
indications of yvoung extensional teetonie fea-
tures 1o the west of the voleanie helt in the
Tongn-Kermadee and Philippine  ares, Thus
the zone of low veloeity behind iskad  ares
might be related to some kind of loeal oeenn-
floor spreading. To aceonnt for sueh a region of
lower veloeities, another mterfaee €0 1< miro-
dueed to form a wedge-shaped hody of depth o,
and of width e, ;a0 the eanh's surface, as ~hown
m Figure 2. The facers of the interface € il
pardlel the ~cismie zone S i the teryids
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TABLE 1. Numerical Representation of the Seismic Zone of the Tonga-Kermadec Island Are
Longitudes, deg
South
Latitude, h = h = h = h = h = h = h = h =
deg 700km  600km 500 km  400km 300 km 200 km 100 km 0 km
14 —174.8 —173.2
15 —-177.3 —170.0 —-174.0 -—-172.5
16 —-179.0 -—-176.9 —-174.8 —-173.6 -—172.4
17 -179.5 —-179.0 -178.7 -179.0 -—-177.2 —174.5 —-173.6 —172.5
18 —1780 —178.6 —178.1 —178.0 —-176.7 —174.9 —174.0 -—172.8
19 -178.7 —-178.3 —-177.5 —177.6 —176.5 —175.1 —174.5 —-173.1
20 —-179.0 —-178.5 -—177.Hh —177.5 —176.5 —175.7 —=175.0 —173.5
21 -179.5 -179.1 -178.3 -177.5 -176.5 -—176.1 -17>.4 -—-173.9
22 +179.7 —-179.8 -—179.4 -—178.2 —-177.0 -—176.6 —175.8 —174.3
23 +179.1 +179.7 —-179.7 —1788 -—-177.7 —177.1 —-176.2 —174.6
24 +178.6 +179.3 -—-179.9 -—-179.3 -—-178.2 —-177.4 -—-176.3 —175.0
25 +178.3  +179.1 4179.9 -179.4 —-178.5 —177.Hh -—176.4 —175.2
26 +178.1  +178.7 +179.5 -—179.5 —178.8 -—177.7 -—-177.5 —=173.3
27 +178.4 +179.2 -—-179.5 —178.9 —177.9% —177.5 —175.6
28 +179.1 -179.5 —178.9 —178 1 —-177.6 —175.8
29 -179.5 -—178.9 —178.4 —-177.7 —176.3
30 —-179.6 -—-179.2 —-178.7 —178.0 —176.8
31 -179.9 -—-179.5 -—-179.0 —178.3 —177.2
32 +179.8 —-179.7 -—-179.3 —178.8 —177.6
33 +179.5 +4+180.0 -179.6 —179.1 —178.1
34 +178.8 +4+179.6 +180.0 -—-179.1 —178.5
35 +178.4 41787 +4179.3 +179.7 -—-179.0
36 +177.6 +178.2 +4178.6 —179.8
37 +176.6 +177.2 +177.9 +179.7
38 +175.6 +176.2 +177.0 +179.1
39 +175.0 +176.1 +4178.:
40 cee +175.2 +177.4

Longitudes are sampled at the intersections of depth contours h = constant with parallels at latitudes

¢ = constant.

|9,, 6,.]. The horizontal distance betwcen S
and (' at any depth A < d is defined as

c(h) = ¢y — (co — a)h/d (2)

and s measured perpendicular to the local
strike of 8. According to (2), C approaches A
at depth d, iv.dicated by the point D in Fig-
ure 2. The wedge-shaped volume is bounded by
A, €, and the surface of the earth. The velocity
inside this wedge can be chosen to be a certain
percentage 8v,. lower than the normal mantle
velocities for any depth & < d. To describe the
gross seismotectonic features of an island-are
svstem uas presently conceived, it is thus neces-
sary to define only six parameters aq, b, ¢, d,
Sv.n, nndd Sty In addition the coordinates of
the depth contours of the seismic zone S must
he specified.

FERMAT’S PRINCIPLE AND EULER’s
DIFFERENTIAL EQUATIONS OF THE RAY

The main purpose of this study is to provide
a method of tracing seismic rays through an
arbitrary velocity structure. To some extent we
follow the approach of Sattlegger [1964], who
treated a similar problem in a Cartesian space
for seismic reflection surveys. Instead of using
the velocity function v(r, 6, A) to deseribe
the velocity structure of the earth, we use
here the more suitable quantity slowness
u(r, 8, A), the reciprocal of the velocity, We
assume that the scalar u is a continuous fune-
tion throughont the earth. Hence, any first-order
discontinuity in slowness u is replaced by a
zone of gradual change in u. To allow applica-
tion of ordinary ray theory, the magnitude of
the gradient of ¥ must be kept reasonably small.
Thus, for a given contrast in slowness u, the
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zone of gradual change in « has to be wide
cnongh to keep the gradient of u small.

According to Fermat's prineiple a  seismic
ray will choose the speeifie path S that takes
the least travel time T to propagate from a
point A to a point B:

T

R
f u(l,1)"* ds = Extremum (3)
A

where /¢ i1 the tangent veetor at any point
along the ray with its components

[, = (', rd, r sin O\’)

’
X

(4)
Thie queintities o & are thiet derivarives of
the coordinates along the ray increment ds and
represent the components of direetion of the

6679

ray.  Multiplied by their respeetive metrie
factors I, r, and r sin @ for a spherical coordi-
nate system, they form the components of a
unit tangent veetor where

(1.-1.)”2 ~

and the summation convention applies.

The problem stated in equation 3 is common
in the calenlus of variation. It can be solved
by finding solutions to the corresponding set of
Euler's differential equations. They are obtained
by defining the integrand w(1./,)'* of equation 3
as the Euler funetion F(g, g.’), where g, stands
fut 1l genoralised roordinatos wid o2 lor their
derivatives; the differential equations take the
following form:

(5)

N \Y

4

A

7

Fig. 2. Seetion of an istand are structure showing schematically the geometry of the model
used for representing lateral heterogeneities related to the deep seismic zone. § = seismie
zone s A = upper boundary of the desconding plate of lithesphere; B = lower interface of the
deseending plate: (" = boundary on the continentnl side of the wedge-shaped low-veloeity
body near the voleanic belt; 1) = deep est point of the low-velocity wedge at depth d. Open
cirches on S represent sampled points shown also in Figure 1 and Table 1. For detnils of mous-
urmg the horizontal distances a, b, and e, see text. The question mark in the upper part of
B indieates that the model does pot represent here the actual boundary of the lithespheric

phite very well,
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d a/") ar
;o= L) - O = 0
E. ds ((’)g,' ag, 0 ©)
From (4), (5), and () we obtain

an

‘1'— (ur') = §F = w8 + N xin® 6) = 0
us

;(I{s (ur’@’) — 3'6 — Jur\* 5in 20 = 0 (7
i(ur’)\' sin® 9) — % =0

The remaimng differentiation of the first term
and rearranging of all resulting terms yields the
following expressions for the second derivatives
", 07, \”:

r! = (I/u)(g—:l - u’r’)
+ (0" + N?sin® 6)

"o ;:j g_'é + IN? sin 26
%)
’ ’
u r
W = ——I—--—’Q“
ur’ sin® @ O\
’ ’ 4
i r tan
where
du du 1 du 1 du
P e 2 o 2 -— ¢ —— =\
YT (')rr+r000+7'-"i"0‘”‘

(9)

The equations N are the differential eqnations of
the =eisiie ray in terms of components of ray
curvatnre 0 6”7, X7 anywhere in g spherieal
earth that has a comtimionz slowness distribu-
tione w(r, 0, ). The ray enrvature depends,
first, o the components of the gradiem of
slowness (du ar), (du a0), (91 dX) andd, seeond,
on the direetion of the ray with respeet to the
dircetion of the gradient of slowness, The second
rekuion ix concealed i equation O for o =
dn as. bt represents the projection (Sealar pro-
duery of the geadient of slowness on the tangent
veetor of the ray.

KEAUS H.JACOB

FExrans1on oF Ray CoompINATES INTO A
Tavior SEmiks

Any attempt 1o dind the actual ray path by
analytieal integration of (S) for a reajistie
slowness fimetion w(r, 0, A) ix hikely to fail.
Instead of an analvtieal integration of (8), we
try <tepwise nunterieal integration by a finite-
series xcheme, a method =milar to that used hy
Sattlegyer {164, 1969,

The hehavior of a scismic ray s in the vieinity
of n poit P(r, 6, A) on the ray ean be
deseribed by expanding the ray  coordinates
r, 0, A mrd travel time ¢ a Taylor serjes:

r=r,4+rSds+ 3/ ds" + -
8 =0,+ 0, ds + 10, ds* + -
A= N+ N ds + N A8 4
t=ty+ uods + du, ds + - -

All vahies forming the zero-, first-, and seeond-
order terms on the right-hand <ide of (10) are
either known or ean be ealeubated from (8) and
(9 if the slowness aw(r, 0, X) s given:; 1., 0, A,
and ¢, represent the initial position and the
origin time of the ray at the point 2/ 2, 6., A
represent the mitinl direetion of the ray that
can be preseribed. Finally, »”, 6,7, A/ are the
clements of ray enrvature and ean be ealen-
lated from (8) and (). If the spatial gradient
of slowness u varies slowly, the higher order
terms do not contribite significantly to the snm
in (10). The error m neglecting these terms
can he kept arbitrarily small by proceeding
ounly in small inerements ds. After the first step
ds, the ray has propagated from P.(r,, 0., A, 1)
to P(r, 8, A, 1). The new direction of the ray
point P(r, @, A, t) can be obtained by differ-
entinting (10):

r'=r4+r"d+ -
0’ = 0(;’ + 0”“ ds + tr
N N Nds 4 -

Ouly the first two terms in (F) must be con-
sidered to Keep the aceuraey of the computa-
tion consistent with that i equation 10, Terms
of highev order ean be negleeted again for the
proper choiee of ds.

Using r, #, A from (10), , &, X’ from (1),
awd #7070 A7 frome (S), we nay iree the ray

(10)

(11)
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from point to point in steps ds until the ray
emerges somewhere at the earth's free surface.

NUMERICAL SCHEME

To let the ray propagate point to point, say
from Py to Py.,, one has to determine the compo-
nents of eurvature of the rav r”, 67, A”, or,
aeeording to equation 8, to find the gradient
of slowness (du ‘ar, du’86, du 9A) in the viecin-
ity of Pi. It isx obvious that the gradient of u at
an intermediate point Pi.,, *s more representa-
tive ot the curvature for the ray path between
P, and P.., than the gradient at the end point
P.. Thus the aecuraey of the numerieal integra-
tion could be improved. Unfortunately, it is
not possible to determine the location of the
point Pi.,. and consequently the gradient of
thiz point, because the eurvature for the ray
between P, and P, ix not known in advance.
To find an approximate location of P,.,... how-
ever, we may use the curvature of the pretious
ray element determined at P, and extrapo'ate
the ray path bevond P, by half an incren ent
ds/2.  Accordingly, the following numerical
scheme is uxed for the rav-traeing proeedure:

1. Find the auxiliary point Pi., . by extrap-
olating the previous ray element beyond P, by
an inctement ds,2:

=r 4+ %"k’ ds + ?lsrk-l,‘2” ds’
612 = 6 + %0k’ ds + '};ok-l'z” d«??
N1z = M+ %)\k’ ds + ?lsxk-l 2” ds’

2. Determine the slowness of « and its gradi-

ent (du 9r, du 86, du AA) at the auxiliary point
Pi.. . and use these data in equations 8 and 9
to calculate the curvature components,

3. Let the my propagate from P. to P,
with a =tep ds aecording to

Teor =1+ 1/ ds + %"hl 2’ ds’
6i.i = 6 + 6. ds + %ok+l_2” ds’
Neet = Mt )\k’ ds + %)\Aol 2” d32

lier = b+ Uey,q ds

4. The direetion of the ray at the new point
Piis given by

| ’ ’
o o =rn + "kol,z’ ds
’
0A~1 01(’ + 0k’l 2” ds
Ny N N ds

Tis1/2

(12)

(13)

(14)
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5. Repeat steps 1 through 4 with all sub-
seripts inereased by one integer unit, and con-
tinne until the ray reaches the earth’s free
surfaee,

The slowne== and its gradient components are
determined for step 2 of that secheme by one
of the following two methods, depending on
whether the ray penetrates a zone with or
without lateral heterogeneities present.

(a) In the presence of lateral heterogenei-
ties: Assume a cube centered around the
auxiliary point Py, with an edge length 2uw.
Its eight corner points are labeled Q.. where
the =ubseript [, m, or n may take either the
value 1 or 2, depending on whether its corre-
sponding coordinate r, 8, and A of the point
Q:n» 1= xmaller or larger than that of the auxili-
ary point Py, ..

Thus these eight points Q... are loecated at

Qu=(—w 60— w/r,\ — w/rsin 6)
Qi = (r+ w, 8 — w/r,\ — w/rsin 6)

(r+ w, 6 4+ w/r,\ + w/rsin )
(15)

The =lowness at each point Q,,., is ealled u;mn.
From these cight values of slowness we derive
the arithmetic mean and assign it to the slow-
nesx at point Py

Upser,2 = ("m + upp + wia + Uy
+ ugyy + Uz + Uz + uzn)/s (16)

By caleulating the average of the slowness of
4 points at the higher value of one specifie
coordinate and subtraeting it from the average
slowness of 4 points at the lower value of that
coorcinate, one ean obtain the eomponents of
the slowness gradient for this coordinate:

Q222

Ou'dr = [(uzer + Uzg1 + Uzrz + )
— (uy + wyay + w2 + uyg)]/8u
du 80 = [(2) + Wiz + Wany + Usz)
— (U + w2 + ugyy + uzg)] (8ur)
du N = [(u1z + gy + Uziz + Ugza)
— (uyyy 4+ Wi + Uz 4 uga)]/ (8w, sin 6)

(17)
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It s now casy to understand how the ~haip
discontiniities in slowness w associated with
the teetonie features described in a previous
section are smoothed out to gradient zones with
a fimte thickness. That thickness varies between
2ie and 2 (3)"*, depending on the relative local
orientation of the auxiliary cube Q.. that is
carriedd along with the ray as it propagates.
The auxiliary cube detects the orientation of
the mterface by averaging over the gradients
determined at successive points Piye, Pioy,
Prcevir i during each step the gradient
depends on which of the eight points Q..
are found to be inside a lateral heterogeneity
or ontside in the regnlar mantle. To guar-
antee a satisfuctory averaging of gradients while
passing through a transition zone, the ray must
propagate for many steps inside that gradient
zone. This can be assured if the step size ds is
kept small compared to the length 2w of the
gradient cube. Consequently, a provision has
been made in the compnter program to detect
whether any of the components of the gradient
exeeeds a limit by nsing the following criterion:

du 1 du
ar + r 08 r sin 8 oA

where (7 i of the order of 0.1 X 10 sec/km®,

If condition 18 holds, no unisual beundary
ix present and ds is generally chosen to be about
1 to 2 km; the cube iength 2w is kept «f the
order of 2 to 4 km. If, however, condition
IN does not hold becanse o strong  gradient
zone = beimg approached, then ds will be
lowered to 0.1 or 0.2 km while keeping 2u* con-
stant at 2 to 4 km. This allows for at least
20 steps for ray propagation throngh a gradient
zone replaeing the <harp  dixcontinuity.

(b)y lu the abseuce of lateral heterogenei-
tics:  In the case where there are no lateral
Leterogeneities present, the ecaleulation of w., .
and of = gradient can be reduced considerably
by n=ing the slowness w, and @ of only two
pomts just above and below the anxiliary pomt

I,I.ol e
Q.
Q =

The slowness uw assigned to the viemity of the
ausiliary pont P2 s

Uy oy 2 = (U + uwy) 2

1 du

<G (19

Feov e+ w, 0002 My )

(TA‘l 2 — W, 0.,y >\lo|2)

(19)

(20)
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and the components of the gradient of u are
du/dr = (u, — u,)/2w
ou/06 = du/o\ = 0

It is important to note that the method used
liere breaks down in a narrow evhnder extend-
ing from the south to the north pole along the
rotational axis of the spherical coordinate sys-
tem becanse of singnlarities in the denominator
of some terms of (8) and (9) at r = 0 and
9 = 0° and 8 = 180°. Rays which penetrate
mto that cvlinder with a critieal radins of
abont 10 km mmst be omitted.

(21)

ADDITIONAL INFORMATION FROM THE
RAY TRACE

The rayv-tracing procedure as deseribed above
provides informution on the ray r, 6, A at
diserete points Py, the direction 7, 8%, A’ at
these pointx, the travel time ¢, and the cumu-
lative paths along the ray. From some of these
data and the stored data on slowness u(r, 4, A),
additional mformation ean be obtained to
dexeribe some ray characteristics that are com-
monly used n seismoiogy, e.g., dt/dA along the
ray, azmth @ (measvred clockwise from north
i 2 horizontal pline), andd angle of emergence .

Relations between , 6%, A and the strike o
and angle ol emergence 1 (as measured from
the downward vertical) can be found from
=hnple geometry:

’ N

= ~cost
0’ = —sint cosa/r (22)
A = sin @sina/(r sin 6)

The corresponding inverse relations are

a = tun"' (A sin 6/ —6') (23)

= tan” [r(V?sin® @ + 0%)' =)

Note that, while @ may liec i any of the 4
quadrants, ¢ cam he only in the first and sceond
gquadrant,

An importint qprntity - elassieal ray theory
with spheneally symmetrie veloeity sirneture
rtr) s dhe rav parameter po= dt 43, which
15 constamt value for any mdividial rav along
it ennire path. The rav parameter poor dt dd
1~ the mverse apparent veloeity, or the slowness



SEISMIC RAY TRACING

of the trace of the ray projected to the earth's
surface at 1 = R and is defined as
di/dA = 111.195u(r, 8, \) simir/R  (24)
with dt/dA measured in seconds per degree, u in
seconds per kilometer, and r and R in kilometers,
It s a charactenstic feature that this ‘ray
parameter’ ix no longer a constant value along
each rav if the veloeity ix a funetion of all 3
coordinates, v = v (r, #, A). Thus monitoring of
dt/dA alomg the ray during the computation
can be used to indieate whether the rayv propa-
gates through a lateral heterogeneity or not,
depending on whether dt/dA varies or remains
constant. The consequences of a variable dt/dA
for any ray passing throungh a lateral hetero-
geneity are extremely important for any study
wsing dt/dd data measured at large seismic
arrays. The common but false assumption that
r varies only with depth ean vield unreahstie
or at least inaecurate results for the veloeity
strueture. This important subject i« further
investigated in a separate paper.

Before applying the ray-tracing method to
interpret obzerved patterns of travel-time resi-
duals, am important charactenstie of computed
residnals must bhe recognized. Computed rexid-
uals depend essentially on the geometrv and
magnitude of lateral heterogeneities and very
little or not at all on the specific carth model
usedl for referenee. Henee it ix irrelevant to the
computed residuals if a veloeity distribution of
Jefirevs and Bullen, Herrin and his assoeiatex,
or any other reasonable earth model is used ax
standard for the laterally homogeneous parts
of the carth’ mantle. The standard model
chosent 1= not essential beeanse the travel timex
for 1he standard carth  with saperimposed
heterogeneities are compared to travel times of
the standard earth without heterogeneities. Thus
the travel nmes for the standard earth caneel
when the resulnals are compied.

The stnation ix different for obserred resi-
duatls Ohserved residnals depend on the standard
madel nsed Teeanse there 1« naally some un-
known difference between the assumed standard
earth and the peal average earth representing
e teetomeally nonaehive parts of the mantle
Thus, when olnerved presiduals are obtained, the
travel tmes for the actnal (i normal) parte
of the earth do net eaneel with the travel 1imes
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for the adopted standard model. Hence the
abserved residuals are not purely generated by
lateral heterogeneities but are somewhat falsi-
fird by a svstematic difference between the
actnal and the adopted standard earth,

Only the so-called ‘relative residuals’ as em-
ployed by Mitronovas [1969] in his study of
the Fiji-Tonga area do not depend on any
assumed veloeity standard. We shall refer to
these data in the following seetion.

ArrLicaTiON TOo ToNGA-KERMADEC ARC

To illustrate the application of the ray-
teacing method to seismie travel-time studies,
an example is presented for a geographic region
where the existence of a lateral heterogeneity is
well established. The Tonga-Kermadee are is
one of the most thoroughly studied of the
active island ares. The spatial distribution of
the seismisity is described by Sykes [1966] and
Sykes et al. [1969]: the seismic focal mecha-
nisms and their tectonie implications for that
region are discussed by Isacls et al. [1969];
wave propagation, ahsorption phenomena, and
travel-time anomalies were investigated by
Oliver and Isacks [1967], Mitronovas [1969],
and Mitronovas ct al. [1969].

To illustrate 1he effect of lateral seismic
heterogeneities of the Tonga-Kermadee are on
travel times, compnted arrival times of traced
avs are compared to P travel times obeerved
at local stations from deep sources. P arrivals
at teleseismie distances from shallow events in
the Fiji-Tonga region are also considered. All
the observational data used for comparison are
taken from the study of Mitronoias [1969].
The velocity model adopted for the caleulation
is shown in the lower part of Figure 3. It illus-
taates a ertical seetion through the island are
with the plate dipping into the mantie. The
~etion cuts through an asumed hvpocenter
located inside the plate a1 ¢ = 20°R and
A = [79°W at a depl. of 600 km. The profile
strikes  N70°W  perpendicular 10 the Tonga
irench  The shortest distanee to the trench is
abont 4$5° 10 the ESE from the assumed epi-
center. The grometry of the descending slab
was simplified compared to that outhned n
Fugure 1 10 make 11 compatible with the siah
gromelry need hy Vitronoras [180] Undnla-
1ns of the «wismic gone below [0 km werre
removed, vielding a planar <dab dipping ar
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Fig. 3. (Bottom) Vertieal section through the Tonga are perpendicular to the strike of the
are. The geometry of the lithospheric plate below A = 100 kin 10 simplified 10 a planar alab.
Numbers on the (mreed mys (solid lines) are take-off angles 1 for 8 source at a depth ot 600
km. (Tu P travel timea versus epicentenl distance for varions cases. The sohid fine and open
arcles indicate a normal mantle with a veloeity distnbution acconding to Hernn et al ] 19881
without a dipping hthospherr ;. the dotted hne and inangles show a slsh with a veloeity 3¢
higher than that of the regular mantle; the dashed hne and squares indicate o 390 gher I
velocily, Numbem rlong the curves indicate the take-off angle v for severnl eave at the ampve
Sohd eircles with ertor hars and siation labels are obeerved ieavel nmes from Wetronoias

11908,

abowt 85° for depthe of 100 10 700 km. In the
nppeer 10 km the dip of the plate deereases
10 about 30° near the teench The harizontal
dimension of the plate was chowen to be 1D
km  The Poaeloeny distnlmtion of Hrrn
o al [1'Ws] was adopied for the manth om-
sude Vhe alab, while a T higher P oveloes

was assumiest ansude the Jlab 1n one case and a
5% lugher veloeny in another ease In s
model no low.velocity 2one wa< nesimed -
neath and adjacent to the voleanmie rddge The
upper part of Fugure 3 shows the corresponding
itavel-hinw calenlated wnh he rave
trzeng progeam The <olud hne thegh open

N e
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vircles 1 the regnlar Herrin teavel time with
no dipping plate present. The dotted line
throngly open triangles corresponds to P arrivals
with a 577 higher veloeity inside the plate and
the dashed line thronglt open squares tn P
arrivals with a 707 higher veloeity. The com-
pted travel times show clearly that the P
waves arrive inereasingly earlier (contpared to
the Herrin travel times) the further the rayvs
propegate thronugh the fast, dipping (ithospherie
plate. Thus ravs emerging ot larger distances
close to the trench are associated with larger
negative residuals (up to =6 see) than those
farther awav fram the trench and eloser to the
epicenter.

Superimposed ot the calenlated travel times
are onserved travel times from 5 stations in
the Tonga island are. To obtamn the ‘ohserved’
teavel times fir those stations, ‘relative resid-
mls' determined Iy Vitronoras [1969] were
subtracted from the Herrin travel times at
corresponding epicentral distanees. Mitronovas
attemptedd, first, to eliminate the sonree hias for
all events studied, neing only those near and
distant stations for the relocation for which the
seismic  Favs bwvpass major heterogeneities in
the upper 700 km of the mantle in the Fiji-
Tongs region. Seeand, e obtained  relative
residhials’ for loeal <tatims e the Fiji-Tanga
region. The relative residnals resnlt from a
comipatisant of arrival times at similar epicent eal
distances< it the Tonga and in the Fipi I«dands
fir rave thm pass through or bhypas«, respee-
tively, the dipgung plate. These selative residuals
for the loeal @ tions are e a first approxima-
tion independent of the standard teavel times
wad Jeg, Jeflrous and Rullen, 1940, 105N
Herria ot al | 1] ond henee are, to o first
order, denendem of the exaet Knoawledge of
the evaet ongm tine of the earthquake. The
tesuhials ned m Fiire 30 obtan the ‘alreryvesd
teavel tine” are Ve average valies obtained In
Muravaase from all avoalalde P2 dioa an the §
local <tatms four 3n carefnlly reloeated earth-
apirhes winh con averge foral dejah of alwt
W e

Thee cvanprariaom of adeerved and ecalenlated 1
rrevel tanes e that abe veloeny ansuke the
Ingher than
the nuanle seloenws e the pdive Note
that thas reanlt 1e) v fiest ander. awds pendem
ot the v of o peeifie sndord medel tin thas

Jabo e o b average abean ne;
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case Herrin et al). There 1= some indicati-n
that thiz veloeity contrast inereases from abont
57 to abont 777 as the emerging ravs approach
the arench, If this trend i confirmed in future
studiex, theee different explanations stonld he
considered. First, the change in veloeity con-
traxt s real and sueh that it deereases with
depth inside the plate beeanse of u gradual
heating of the ecooler plate ax it moves down-
ward into the warmer mantle; henee ravs pene-
teating throngh only the lower part of the plate
are slowsr compazed with those penetrating
throngh the upper part with the higher veloeity
eontrast. Second, ravs emerging at smaller epi-
centeal distances may propagate a longer dis-
tance through a body of lower veloeities loeated
ear aad heneath the voleanie belt, as indieatd
th Figure 2. Or third, the geometry i« more
complex. A low-velneity region was rot taken
mto arconn! for the model ealenlations shown
in Funre 3. if the low-velocity rerion exists,
it will increase the estimate for the average
veloeity canteast of the <lab to a higher valne
of abmit 777 .

The method of relative residnals is espeeially
suitable for deeje events if loeal stations are
avalable. Ax shown by Mitronovas [1969], the
method of relative residuals i< not appliesble
fur shallow sonrees (ocenrring in the upper part
wf the plate) with =tations at telescismic dis-
tanees. Thns residnals at telracismie distanees
fur shallow earthquakes ocenrring in the upper
part «f the plate are dependent on the earth
modeel el fur referenee. Figure 4 illastentes
a typieal eawe showing the geometry of the
date, the smreee locatien pelative to the plate,
and two seleeted rave teaeed throngh the model
Many rave steking snlyv perpendicnlar to the
are wepe teaeed 1o teleseismie distanees and
their P readials were calenlated by using 2
Hererin muudel four the mantle ontside the «lah
sl o 770 higher seloeny inaude the slabe The
ealenlated pestdiale oldained from eav 1acing
are plotied in Figure & (salid thangy -) a« a
Hrmetion of epieenteal divianee Note agam tha
thewe comguted pesiduals are not affeeted o
the nee of Heenn's mordel For compartam, 1he
alwerved reaebials of an carthgpioke near ihe
Tonga ELlande repurted by Motromuras 1 ]0%0)
are pdotied tedul hine thengh open ecirckes)
The loeaten of this canhgpooke woh pespert 10,
e alaby e very samilar e thay shewn i Vhe
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model of Figure 4. Thus the two sets of resul-
vals, the calenlated and the obwerved one, can
be properly used for comparison. The charae-
teristre. parameters of thix earthquake are:
Augut 12, 1967, 04h 39m 4415, A = 134 km.
¢ = UNR A = 17701°W, my, = 5K The
location and origin time were  derived by
Mitrunovas by using data from the loeal sta.
tions only. The residuals were obtained only
for ravs traversing through the plate in a WNW
direction to teleseismice distances. Jeffreys-Bullen
(1-8) travel umes were used for reference.
These 1-B residuals were averaged in 10° inter-
vals af epicentral distance. The obmerved J-B
and the ecalenlated residuals shawn in Fig-
nre 5 have in common that they increase with
cpicentral alistance as  the ravs  poapagate
along an inereaxingly longer path inside the
slah. lavs that travel the longest possible dis-
tance inside the slab emerge at epicential dis-
tanees approximately between 50° and 0° and
shaw, ax expected, the largest negative resid-
nals Bevond 60°, the residuals deerease as the
ravs leave the slab un its lower boundary. It i«
evident from Figure 5 that the caleulated pexid .-

OEPTH, am

o A 2

" . o
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wals o wor deerease pgndly enongh e thee
dhetanece runge. This 1o leeanse the wannws]
honzontal dimension (200 km) for that madel
i< ton large. Reduemng the thiekness of the plate
(o abwont HO km o< the previons model)
wonld resalt o eurve for the calenlated pesple
mals that les approxmetely the same <hape
the eneve for the olmerved pesulials Pant of
the birge negne pesidnals ot epweenter dis.
vanees tear 1W0° conkl be averpreted altemma-
tively by the rebanely birge J-Brnel times
(approxicocly 2 see Jonger than, eg, Hernn
teavel tunes) L one opaimon thi- 1+, however,
more hkely an avhiestion that the travel times
of Hernn et al are somewhat too short w the
distanee range, sinee they do not vield the large
negative tesidials expeeted from the stindy of
deep events i that ngon. 1t 1= not our inten-
tion to determine in this paper the shape: amd
mze of the dipping ~iab i the Tonga region
v fittmg the model so that olwerved and eal-
culated resuduals mateh 0 an optimum  senw:
However, 1t s clear that by svstematic varia-
tion of the six model parameters and, if neees-
<y, of the shape of the seismwe zone one can

-
4

b 4

e
400

A wendel of the slab with a «waree o dopth b

200 o
DS TANCE FROM TRENCM, bm

100 ks Thes messde ! b e o foour

1iracang tavs 1o and calbeulating P2 reswdaale ot ek e dhstancee Parte of two pay b
with batetdd pfeactione ape shemn The caboadated Fopenduds 1or thad e § are jdenrtedd in

Frgurr 3



SEISMIC RAY TRACING o

0 20 40 60 or, 100
-8 T T ' T v T 4 -0
[ O ossgaveD-N 1

& KRAY TRACING
-¢ L. (| TX2g 3) 4-¢
4 o
b ‘ ‘ ‘ ‘ <
&
4-e

P-RESDUAL S, secends
»
1 ]
[

EMCENTRAL DISTANCE, dogrees

Fuw 3 Companson of ohartved P residuale | Vit rmnaias, 1988] and theoretical remduale cal-
enlaves] by ey teneing (or the model shown i Figure § For details s text

find a comlunatin of parameters that will vield
a minmum for the standand deviatum between
oherrved and ealeniated readitals. This method
of trial and error mav, but does not necessanly,
converge toward the acttial viloety strueture,
partialiv heease of the restrietions inherent in
the nuwkl  Lateral helerogenettes near the
peeener of anvwhere abkng the test of the eay
path, and  posaible  differeness between  the
adopes] standard model aned the actnal earth,
comjdicate the problem and intrduee  non.
nnkpeeness Further mvestignhions are necessary
to concuber more pigorone anversen technigues,
eg. thoee develope] Mo Backus and Gilbert
(NI ELEN |

There o o0 10 it of alwagt
e tlee edmerves] gl the ealenboes] pessd-
ads m Figure 5 Thie offeet = jiomanh due
o e ameetaniy i the ongin 1w of the
carthepiehe aned ohepmnels on Ve spuetfic nee of
the LIV ctdee e the apaevelonme stanedand for
Tolow st ool Al determinaten of
Uit geawbiade Mope sclabde mfoemeden can
1P large nnelear
onplosems 1o wlieh thee ongm Vit ol b -

The I’ grswlnale

183 e ln-

he: ovent
[ PR E SYR I teswbiale ol

el ot Rdeowm very aeentabely

of the nuelear underground explosion Langshot
will e w0 o later paper 10 investigate
Iateral heterogeneities associate’ with the Aleu-
tian sslaned are

KoMy [etsvouncal [NPLICATION s

A basae numerical seheme i presented in thas
paper far tracing setsmie ravs through a later-
allv heterogenemis earth With this new method
i te qumstble for the first tune ta calenlate on a
withlwule =seabe aceveate thearetieal resndials of
etther 22 or S ravel nimes cansed Iy a glohal
pattern of lateral heterogeneities ain the erst
ated apper mantle The grometne shape of the
tertanie antts and heterogenenis luwdws< can be
dernes) for o Art tral madel from  sanoas
w«mitees of informatn, g, (fom stsmenty, the
geographie dinlmten of heepesea trenches,
actinve voleanoes, mud-oceanie eudges, and her
ghes bevetomie atd nuerpdwdogeal featares I3y
wdematie compatieon of theoreteal reswhals
atel obeetves] pewliale from melear expdosims
1o well ae carthgpuihes movareme dectomedh
aetie peguars agonte] the workl, the paramerers
desenbung e dogee and the sermie selocnes

ot the hetopmenenws have 1o be gradnalh
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varusl s that ale eabenbated] pe~pbile conmverge
bewsrd the ohaerved] il First renlte ang-
geet thot thoe method a0 a2 very antabbe 1o te
1t e ddetale and emseguenes of the wleas
nf 'l'.‘lll‘ tovlonwes

The: wmform:wn on the Eneral varetum of
serstiwe vebwrtues can bue combaned woth bilwea-
tery e e ot the depende nee of «csne yeloes-
thes o bemperatnre atd presaine i rocks and
ninerals tha are thanght to acenr i the npper
mantlke From the «wismie veloctes 18 e then
peesthle v derive nformation on the tempweeea-
tire g of deseending hithospherie plates i
tshind arce or of gaws of upmeling mantle
materid boncath mploceame eulges The 1o 10
v Ingher PP veloety for the thseending plate
i the Fip-Tinga-Kermader  pegaon  siiggests
that the <inhing hthonphere at a2 depth of a
fen hendred Ridometers may be wseral hundeed
degries cabde: than the curroimding mantle
[ MeRense, Fedr, Vitrinorvas, 140

A\nuether mterm<ting feature that gow can b
stiedieed M quannitatinely cather than wpahta-
tinely 1o the relation betaven attenmatum of
st etergy, eopeenliy of 8 waves, and sere.
e veloettees and temperatuee i teetomieally
active pegions of the upper mantlke Faverble
pdrees for that Aind of <tidv are the Fip
Tenga-Renvadee are, New Zealaned, dagan, vhe
Vesnian fabands, Hawan, and leeland These
e lave i commem the advantage that loeal
wtemibe statiorte ape anstalled chee tao ctpug
Ineral hetevogencitus amnd that the negunal
wreniwe actinty i enher hagh awe at least md-
rfate

Rav veacmg i o baterallv hetepogemsns varth
will detinnely belje to mmpvne evnsderaldy the
acentaes an teioeating vacthepiakes and nnder-
groutd tmekear exphewns For anprnang 1he
laeatzon, the hypocoster and ongm tne ol
taned T g rontine Jocaten praeshiee ean
le: cecamies] mmtuediv - From thie sl loeatun
ul Vhe somppre, sotsmne Pavs ape teacesh thwagh
v kel hererogemesmes carth e v deters
mee the ghdal potern of thennpal teavels
The ealealated
e Ve 1w nersh 1 eoppeed lln ooh s f\nl
lavral effivere
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